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Abstract

Given a graph and an assignment of lists to its nodes, a list colouring is an
assignment of colours to the nodes of the graph, so that adjacent nodes receive
different colours and each colour receives a colour from its list. The question is: given
a particular graph and list assignment, does a list colouring exist? An algorithm is
presented here that answers this question for series-parallel graphs. The algorithm
has complexity O(md?), where m is the number of edges, and d is the maximum
degree of the graph. A necessary and sufficient condition for the existence of a list
colouring is given, which is based on a recursively defined function. The analysis of
the necessity of this condition leads to a set of valid inequalities for the list colouring

polytope.

1 Introduction

Graph colouring is a theoretical problem which is at the heart of a great number of diverse
applications. Examples are: frequency assignment in cellular networks [11], timetabling,
2], and routing in optical networks [9]. A graph colouring problem arises whenever
a limited number of resources (frequency channels, time slots) must be assigned to a
number of entities, subject to constraints on the simultaneous assignment of a resource
to certain pairs of entities. A graph model can be used to model these constraints.

In a situation as just described, it often happens that the list of resources available to a
particular entity is restricted. For example, in a cellular network certain frequencies may
be forbidden from use at certain transmitters, due to interference with, say, a military
base. Also, in any situation where an existing assignment is being expanded, the resources



available to an entity will be limited by possible conflict with the existing assignment.
This leads to a list colouring problem.

A list colouring problem is defined by a graph and an assignment of sets of allowed
colours to the nodes of the graph. The sets of allowed colours are called the lists. The
goal is to find an assignment of colours to the nodes of the graph, so that each node
receives a colour from its list, and adjacent nodes receive different colours. Most work on
list colourings has focused on determining the list-chromatic number of a graph, which is
the minimal list size so that a list colouring is guaranteed to exist for any assignment of
lists of that size. An overview of results in this direction can be found in [13].

However, the existence of a list colouring does not only depend on size of the lists, but
also on their content. Even if a particular list assignment does not adhere to the minimal
list size prescribed by the list-chromatic number of the graph, then a list colouring for
that particular assignment may still exist. Moreover, in practical situations the size of
the lists may be beyond a planner’s control. Therefore, this paper addresses the following
decision problem:

Given a graph and a particular list assignment for that graph, does a list colouring
exist?

It has been shown in [8] that this problem is NP-complete even under quite restrictive
conditions on the lists. In [10] a simple condition for the existence of a list edge colouring is
given, and it is shown that this condition is sufficient only for trees and for a limited class
of related graphs called multiforests. In [3], an elegant algorithm to find a list colouring
for trees is given. The equivalent condition for node list colourings is discussed in [1],
where it is referred to as the Hall condition.

This paper gives a necessary and sufficient condition for the existence of a list colouring
of a series-parallel graph. The condition is based on a recursively defined function that
can be computed in polynomial time. The function essentially encodes the effect of a
colour used at a node on colours available to other nodes. If the condition holds, then the
same function can be used to find a list colouring, again in polynomial time. The necessity
of the condition depends on the analysis of the list colouring polytope: the convex hull of
the 0/1 vectors that represent list colourings of the graph or an induced subgraph.

Series-parallel graphs are well-studied in terms of colourings. In [12] results on edge
colouring and a simple algorithm for node colouring of series-paralllel graphs are given,
while [14] contains an edge colouring algorithm. Juvan et al. in [5] establish the minimum
list size required for list colourings of the edges of a series-parallel graph, and give a linear
time algorithm to find such colourings for lists of the prescribed size.



2 Series-Parallel Graphs

A series-parallel graph is a graph that can be obtained by a sequence of edge operations,
series and parallel, from a graph consisting of only one edge. A parallel operation on an
edge e replaces e by two (parallel) edges with the same endpoints as e. A series operation
on an edge e replaces the edge by a path of length two. The two endpoints of the original
edge are called the terminals of the series-parallel graph. Note that the edge operations
do not affect existing nodes, and that all nodes except the terminals are created through
series operations.

The construction of a series-parallel graph G can be represented by a set of ur-edges
U and a parse tree T. The ur-edges are the edges used in the construction of G. The
set U can be partioned into three sets, P, S and E. The edges in P are the edges that
were replaced by a parallel operation, the edges in S are the ones that were replaced by
a series operation, and F contains the final edges, the edges that are still present in G.
The parse tree T' is a binary rooted tree with node set U. The root of T corresponds
to the root edge e, the original edge between the terminals s and ¢ from which G was
constructed. The edges in E correspond to the leaves of T'. For every ur-edge e € P or
e € S, its children represent the two edges by which it was replaced after a parallel or
series operation, respectively.

A parse tree of a given series-parallel graph, implying a possible construction sequence,
can be obtained in linear time. An algorithm to do so is described in [6], and can be derived
with minor modifications from the algorithm given in [4]. Several parallel algorithms have
also been described; see [7] for a recent example.

Our list colouring algorithm uses an orientation of the series-parallel graph that is
consistent with an orientation of the root edge from s to t. An edge e directed from u to
v will have v as its head, denoted by v = h(e), and wu as its tail, denoted by t(e).

Given a series-parallel graph G with parse tree T', and an ur-edge e of GG, the graph
G, is the series-parallel graph represented by the subtree of the parse tree of G with root
e. Obviously, G. is a subgraph of G. The expressions V(G) and E(G) will be used to
denote the node set and the edge set of of a graph GG, respectively.

3 List-Colouring

A list assignment for a graph G is a collection of sets £ = {L, |v € V(G)}. The list L,
can be interpreted as the set of colours that may be used to colour node v. The colour
set of a list assignment L is the set J; ., L,. A list colouring of a graph G with list
assignment L is an assignment of colours to the nodes of G so that each node v receives



a colour from L,, and adjacent nodes receive different colours.

In order to estimate the complexity of the algorithm presented in this paper, we need
an upper bound on the size of the lists of a list assignment. Suppose that a node v is
assigned a list L, of size larger than its degree d(v). Then, for any list colouring, L, always
contains at least one colour that is not used to colour any of its neighbours. Hence, if L,
is replaced by a list containing just one colour which is not present in any of the other
lists, then any list colouring obtained with this new list for v could be transformed into
a list colouring for the original lists by replacing v’s colour by a colour from L, not used
at v’s neighbours. This is stated formally in the following claim.

Claim 3.1 Let G be a series-parallel graph, and L a list assignment for G. Let {oo,|v €
V(G)} be a set of colours disjoint from the colour set of L, and let L' be the list assignment
obtained from L by replacing L, by L = {oo,} for every node v € V(G) for which
|L,| > d(v). Then (G, L) has a list colouring if and only if (G, L") has a list colouring.

The claim implies that we may assume without loss of generality that |L,| < d(v) for
all nodes v € V(G) in any list colouring problem (G, L).

A list colouring can be represented by a 0-1 vector indexed by the nodes and colours.
Specifically, given a list assignment £ for a graph G, let V; = {(v,7) |v € V(G), v € L, }.
Then any list colouring of (G, L) can be represented by a vector x € {0,1}'2 in the
following manner: z, ., = 1 iff node v receives colour 7.

From the definition it follows that a vector x € Z"% representing a list colouring is a
feasible solution to the following integer linear Inequality System (IS):

IS for List Colouring

Z Ty <1 for all v € V(G) (1)
YELy

Tyq + Ty, <1 for all adjacent pairs u,v € V(G), all v € L, N L, (2)
Ty, € {0,1} for all v € V(G), v € L, (3)

In fact, any feasible solution to the IS represents a list colouring if and only if equality is
achieved in (1) for all v € V(G). Any feasible solution to the IS which does not necessarily
achieve inequality in (1) represents a partial list colouring. A partial list colouring of a
graph G with list assignment £ is a list colouring of (H,Ly), where H is an induced
subgraph of G, and Ly is the list assignment {L, |v € V(H)} induced by £ on H.

The vector representations derived here will be used in Section 5 to derive a condition
for non-existence of a list colouring.



4 The List Colouring Algorithm

In this section we present our list colouring algorithm for series-parallel graphs. The idea
behind the algorithm is to compute which colours can be used on terminal ¢ if a particular
colour is used on terminal s. The computation is done in an iterative fashion starting from
the leaves of the parse tree. A set-valued function A is created, where A(e, ) represents
the set of colours allowed at t(e) if colour 7 is used at h(e). We give a recursive definition
of A below, and will prove later that this formal definition coincides with the intuitive
one.

Definition 4.1 Let G be a series-parallel graph represented by a set of ur-edges U =
(P, S, E) and a parse tree T, and let L be a list assignment for G with colour set I'. The
function Ag : {(e,7) e € U, v € Ly } — 2" is defined as follows:

e Foranye€ E, and any v € Lye), Ac(e,y) = Lney — {7},

e [For any e € P with children ey and ey, and any v € Ly,
AG(€7 ’Y) = AG(ela 7) N AG(€27 ’7)7
e For any e € S with children e; and ey, and any v € Ly,

Acle,y) = U Ac(ez, B).

IBGAG (61 77)

For brevity, A(e,~) is used to denote Ag(e,~) whenever it is clear from the context
which graph G the function Ag refers to.

The computation of Ag is at the heart of list colouring algorithm. Moreover, as
the following theorem shows, by computing Ag it can be determined whether or not a
list-colouring exists.

Theorem 4.2 Given are a series-parallel graph G with terminals s and t and root edge
eo, represented by a set of ur-edges U = (P, S, E) and a parse tree T', and a list assignment
L for G. Let the function Ag be as defined above. Then a list colouring of (G, L) exists
precisely when

U AG(€07'7) # 0.

yELs



The proof of this theorem will follow from the results in the remainder of this paper,
and will be based on the following algorithm for List Colouring Series-Parallel graphs
(LCSP).

LCSP Algorithm

INPUT: A series-parallel graph G with terminals s and ¢ and root-edge
eo, represented by a set of ur-edges U = (P, S, E) and a parse tree T,
and a list assignment £ for G.

OutpuUT: A valid list-colouring of G, if it exists.

1. Recursively compute A(e,v) for all e € U, v € Ly).

2. If U,ep, Aleo,v) = 0 then report that the graph is not list
colourable and exit.

3. Choose 7 € Lg and § € A(eq,y). Assign colour v to node s, and
colour (3 to node t.

4. Consider all ur-edges in .S, in an order consistent with their dis-
tance from the root in T'. For every e € S:

4a. Let v and [ be the colours of ¢(e) and h(e), respectively. Let
e; and ey be the children of e, and let w = h(e;) = t(e2)
be the node created by the subdivision of e. Find a colour
a € A(ey,7) so that § € A(ea, ). Assign colour « to node
w.

Because of the order in which the ur-edges in S are considered in Step 4 of the LCSP
algoritm, each edge when considered will have both its endpoints already coloured. More-
over, every node except s and t results from a series operation on an ur-edge in .S, so
when all edges in S have been considered then all nodes will be coloured. It remains to
be shown that a colour « as required in Step 4a will can always be found; this will follow
from Claims 4.3 and 4.4 to follow. Claim 4.5 will show that the resulting colouring is
indeed a valid list colouring.

Claim 4.3 If both endpoints of the ur-edge e € U are coloured by the LCSP Algorithm,
and v and ( are the colours assigned to h(e) and t(e), respectively, then v € Ly), and

B € Ale, ).



Proof. We prove the claim by induction on the distance of e from the root in the parse
tree. If e = e, the root edge, then the claim follows directly from the first step of the
LCSP Algorithm.

Suppose then that the claim holds for ur-edge e. We will show that the claim also
holds for its children e; and ey. Let u = t(e), v = h(e), and let v, 3 be the colours
assigned to u and v, respectively. Suppose first that e € P. Then t(e;) = t(e2) = u and
h(e;) = h(ez) = v, and, by induction, v € L,. By definition, A(e,v) C A(ey,7), and by
induction, 5 € A(e,7), so 8 € A(ey,7). The same holds for e,.

Suppose that e € S. Let w be the node created by subdivision of e, where w =
h(e1) = t(e2), and let a be the colour assigned to w. It follows directly from Step 4 that
a € Aey,7y) and € A(es, ), as required. From Definition 4.1 it follows easily that
Ae,v) C Ly forall e € U, v € Ly, 50 o € Lye,y and B € Ly,. O

Claim 4.4 If U'yGLS Aleg,y) # 0, then upon termination of the LCSP algorithm all nodes
have been coloured.

Proof. We show that, in Step 4a of the algorithm, a colour « satisfying the requirements
can always be found. Let e € S be an ur-edge with t(e) = u, h(e) = v, where u and v
are coloured by the LCSP algorithm with colours v and [, respectively. By claim 4.3,
B € A(e,v). Let er,es be the children of e, and w = h(e;) = t(eg). By definition,
A(e,7) = Uaeaer ) Ale2, ). So there exists a colour a € A(er, ) so that 8 € A(ez, a).00

Claim 4.5 If Uw Aleg,v) # 0, then the colours assigned to the nodes by the LCSP algo-
rithm form a valid list colouring.

Proof. By Claim 4.3, each node v receives a colour from its list L,. To show that the
colouring is valid, consider any edge e € E with u = t(e), v = h(e), assigned colours =y
and 3, respectively. By Claim 4.3, 5 € A(e,~), and by Definition 4.1, A(e,~v) = L, — {~}.
Hence (3 # v, and thus the colouring is valid. O

Lemma 4.6 Let G be a series-parallel graph with terminals s and t and root edge e,
represented by a set of ur-edges U = (P, S, E) and a parse tree T, and let L be a list
assignment for G. If U'yGLS Agleg,y) # 0, then the LCSP algorithm finds a valid list
colouring of (G, L) in O(md?) steps, where m is the number of edges, and d is the mazi-
mum degree of G.

Proof. Let (G, L) be as in the statement of the lemma, and let U be the set of ur-edges
of G. Let m = |E(G)| and n = |V (G)|. Given that the parse tree is a binary tree with node
set U, and that the edges in E correspond to its leaves, we have that |U| < 2|E| = 2m.
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Also, since every node except s and t is the result of a series operation, we have that
|S| = |V(G)] — 2 =n — 2. By Claim 3.1, we may assume without loss of generality that
|L,| < d for all v e V. To compute Ag, every ur-edge e € U, and every colour v € Ly
is considered once. The number of operations required for the computation of A(e,~) is
greatest when e € S. In this case, the union of at most d sets, each of size at most d,
must be computed. This takes O(d?) operations. Since A(7,e) must be computed for
each ur-edge e and each colour v € Ly, O(nd?) operations are required in total for the
computation that involves ur-edges from S. Since 2m < dn, O(nd®) = O(md?). For all
other ur-edges, at most O(d) operations are required to compute Ag(e,~), resulting in an
additional O(d*m) operations.

To execute Step 4 of the LCSP algorithm, at most d sets, each of size at most d, must
be searched for the presence of colour 5. This takes at most d? operations. Step 4 is
executed n times, so in total this step takes O(nd?) operations. O

Note also that at most md sets A(e,~), each of size at most d, must be stored. So the
algorithm utilizes O(md?) units of storage space.

5 The List Colouring Polytope

The previous section gave the first part of the proof of Theorem 4.2. We will now proceed
to show that if the LCSP algorithm halts without returning a colouring, then no valid list
colouring exists. This will be done by the establishment of a set of inequalities that are
valid for the list colouring polytope.

Definition 5.1 Given a graph G = (V, E) and a list assignment L for G, the list colour-

ing polytope P(G, L) is the convex hull of all 0/1 vectors representing partial list colour-
ings of (G, L).

An inequality ax < b is valid for P(G, L) if it holds for every vector x € P(G, L). For
example, the defining inequalities @, + 2, < 1, where u,v € V, u ~ v, and v € L, N L,,
are valid for P(G, L).

The following linear functions will form the left-hand sides of our inequalities.

Definition 5.2 Let G be a series-parallel graph represented by a set of ur-edges U =
(P, S, E) and a parse tree T, and let L be a list assignment for G. Let the function Ag be
as defined in Definition 4.1. For every ur-edge e € U, the linear function (., : RY* — R
1s defined as follows:

f ( = Ti(e),y + Z Z xwa"’ Z Th(e),ar

WEVF o€ Ly acF(eyy)

8



where V) =V (G.) — {h(e),t(e)}, and F(e,v) = Luey — Ac(e, ).

The expression F'(e,7), as introduced in the preceeding definition will be used in
the rest of this section for convenience. So for every e € U and v € Ly, F(e,y) =
Ly — A(e, ). Since A(e, ) is the set of colours allowed at node h(e) when + is used at
t(e), so F(e,) is the set of colours forbidden at h(e) when ~ is used at t(e).

Lemma 5.3 Let G be a series-parallel graph represented by a set of ur-edgesU = (P, S, E)
and a parse tree T', and let L be a list assignment for GG. Then for every e € U and for
every v € Ly, the inequality

geﬁ(x) < |‘/;| —1

is valid for P(G, L).

The proof of this lemma can be found in the appendix.

The definition of /., can be extended from single colours to subsets of colours in the
following way:

For every ur-edge e € U, and every set S C Ly, the linear function /. g : Rz — R is
defined as follows:

th(e + Z Z xwa"’ Z Thie),as

~eS WEVF a€ Ly aEF(e,S)
where V* = V(G.) — {h(e),t(e)}, and F(e,S) = e F(e, ).

Lemma 5.4 Let G be a series-parallel graph represented by a set of ur-edgesU = (P, S, E)
and a parse tree T', and let L be a list assignment for G. Then for every e € U and for
every S C Ly, the inequality

les(X) < [Ve| =1

is valid for P(G, L).

Proof. Let (G, L), ur-edge e and set S be as in the statement of the lemma. Now

S
e,SX ‘S‘Z 67 ’ ’ Zl‘t

yeS yeS

where €(x) is a linear function with positive coefficients.



By Lemma 5.3, /. ,(x) < |V¢| — 1 is a valid inequality for P(G, L), for each v € S.
Also, Y ;. Tiye)n < 1is valid for P(G, £). Using this as well as the fact that all vectors
in P(G, L) are non-negative, we obtain that the inequality

5]
S| -1

les(x) < Ve[ =1+

is valid for P(G, L)

Since all vertices of P(G, L), as well as the coefficients of /. g, are integers, we may
round down the right-hand side of this inequality and it will remain valid. The result
follows. =

The remaining part of the proof of Theorem 4.2 now follows easily from the preceeding
lemmas.

Corollary 5.5 Let G be a series-parallel graph with terminals s and t and root edge e,
represented by a set of ur-edges U = (P, S, E) and a parse tree T, and let L be a list
assignment for G. If U ;. Ac(eo, ) =0, then no list colouring of (G, L) exists.

Proof. Let (G, L) be as in the statement of the theorem. Note that G., = G and
U F(eg,7v) = Ly. By Lemma 5.4, taking e = ¢y and S = L, it follows that

YELs
Z ZI,WSH/ ) —1

UGV G) 'YGL'U

is a valid inequality for P(G, L).
However, it is clear that for any vector x representing a list colouring,

2.2 wua =1V

veV ’YELU

Therefore, a list colouring does not exist. a

6 Future work

The results presented in Section 5 point to some interesting directions for further study.
Firstly, the question arises whether the inequalities introduced in this section suffice to
describe the polytope P(G, £) completely. If this turns out to be so, then the question
immediately arises whether there are any other graphs for which the list colouring polytope
is completely described by these inequalities. Secondly, it would be worthwhile to derive
an algorithm which, if no complete list colouring can be found, will find a partial list
colouring which optimizes the number of nodes coloured.
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Appendix

In this appendix we give the proof of Lemma 5.3. We first restate the lemma.

Lemma 5.3. Given are a series-parallel graph G represented by a set of ur-edges U =
(P, S, E) and a parse tree T, and a list assignment L for G. Then for every e € U and for
every v € Ly, the inequality

geﬁ(x) < |‘/;| —1

is valid for P(G, L).

Proof. Let (G, L) be as in the statement of the lemma. The proof will be by induction
from the leaves to the root of the parse tree T. Let e € U be an ur-edge with t(e) = u
and h(e) = v, and let v be a colour from L,. If e € E, then by Definition 4.1, A(e,v) =
L, —{v}, so F(e,v) = {v}. Since e € E, G, only has two nodes, so |V,| =2 and

leny(X) = Ty + Ty -

The inequality z,, ., + z,, < 1 is obviously valid for P(G, L).

Suppose then that e € P, with children e; and ey, and assume that the statement of
the lemma holds for e; and es. By Definition 4.1, F(e,v) = L,—A(e,v) = L,— (A(e1,7)N
Ales,v)) = F(er,y) U F(eq,v). Now

1 1 1 1
leq (%) = Glery (%) + Sleay (%) + 5 DD Tuat B} > Tvas
wEVe* €Ly OleF(elv’Y)AF(€27’Y)
where V' = V(G.) — {u,v}.
Using the fact that e, o(x) < [Ve,| = 1, ley 0 (%) < [Voo| =T and ) ) @yo < 1 are
valid inequalities (the latter one holding for all w), we obtain that

!
2
is valid for P(G, L£). Since all vertices of P(G, L), as well as the coefficients of /. ,(x),

are integers, we may round down the right-hand side of this inequality, and it will remain
valid. Therefore the inequality

1 1 1.
o) < 5(IVal = 1)+ 51Vl = 1)+ 51V ]+

1 1 1
€ < Y €1 a €2 S e* - 1
b (0) < GVl Vel + 51V
is valid for P(G, £). Since G, and G, overlap only in u and v, we have that

Vel = [Veu| + Vo] = 2.
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Also, |V| = |V.| — 2. This proves that the inequality /. .(x) < |[V,| — 1 is valid when
ec P.

Suppose next that e € S, with children e; and e;, and assume the statement of the
lemma holds for e; and ey. Let w = h(ey) = t(ez). It follows from Definition 4.1 that

F(e7 7) = Ly - A(67 7) = LU - UaGA(el,'y) A(€2, Oé) = ﬂaGA(el,’Y) F(eg, ’7) Hence

1 na — 1
ley(x) = ley (%) + A Z leya(X) + Z Lo — €(X),

na
acA(e1,y) acA(e1,y)

where €(x) is a linear function with positive coefficients, and ns = |A(ey, 7).
Using the fact that 4., ,(x) < |V,| — 1 and £, o(x) < |V,,| — 1 are valid inequalities

(the second one holding for all a € L,,), and that Z Tya < 1, as well as the fact that

€Ly,
all vectors in P(G, L) are non-negative, we obtain that

nA—l

bea(¥) < (Val = 1)+ (Vo = 1)+ 22
A

is valid for P(G, £). As in the previous case, we may round down the right hand side.
Hence
éeﬁ(x) < |‘/61| + |‘/62| —2

is a valid inequality for P(G, L). Since G., and G, overlap only in w,
Vel = [Veu| + Ve | = 1.

Hence the result for e € S follows. O
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