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Abstract

We compare the subthreshold dynamics of
the conductance-based Hodgkin-Huxley neuron
model commonly used for accurate biological
modelling, with those of the computationally sim-
pler model proposed by E.M. Izhikevich for inclu-
sion in large neural network simulations. We find
that both models deliver similar results under a
variety of inputs, with the maximal membrane po-
tential difference less than 1 mV for a step input
of 10, and nearly an order of magnitude lower
for an alpha input. We also find that both models
exhibit a low sensitivity to high frequency noise.

This paper is also available at[http://www.cs.dal.ca/∼boardman].

1. Introduction

The Hodgkin-Huxley spiking neuron model
[1] has long been a standard reference to the
shape of the membrane potential curve generated
by a real, biological neuron such as those found
in the mammalian cortex. However, the number
of calculations required to implement this model
are prohibitively expensive in simulations with a
large number of neurons.

In [4], E.M. Izhikevich proposed a model
(hereafter referred to as the Izhikevich model) re-
quiring approximately two orders of magnitude
fewer calculations for implementation, which al-
lowed the model to easily be used in simulations
with a large number of neurons. Despite its ap-
parent relative simplicity, the model retained the
flexibility to model the behaviour of many ob-
served types of spiking neurons [2],[4].

In this paper, we briefly investigate differences
between these two models, concentrating primar-
ily on the dynamics prior to reaching the voltage
threshold required to create a spike. We compare
the subthreshold behaviour with model parame-
ters that generate similar inter-spike frequencies,
resting potential and maximum spike potential,
then calibrate these models to ensure a matching
threshold voltageϑ and sensitivity to applied cur-
rentIext(t). Since the threshold membrane poten-
tial ϑ of both models can vary with time depend-
ing on prior behaviour, we allow the models to
quiesce from initial conditions to the resting po-
tential for 100 ms prior to applying external cur-
rent.

1.1. Hodgkin-Huxley Model

The conductance-based, biologically accurate
Hodgkin-Huxley model first proposed in 1954 in
[1] has the following analytical form, restated
from [6]:
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where v(t) represents the membrane potential,
and n(t), m(t) and h(t) are dimensionless vari-



ables which simulate the opening and closing of
potassium (K), sodium (Na) and static (L) ion
channels.

Parameters for the Hodgkin-Huxley model
were chosen to match with [1], which were de-
termined empirically to model the giant axon of
a squid, however the resting membrane potential
was changed to−70 mV, a reasonable resting po-
tential for a biological neuron, in order to graphi-
cally match the resting potential of the Izhikevich
model with the parameters chosen below and so
to better compare the shape of the curves. In
addition, we used the simplified alpha and beta
functions better suited to matrix implementations
in MatLab, as detailed in [6].

1.2. Izhikevich Model

The model proposed by E.M. Izhikevich in [4]
has the following analytical form:

dv
dt

= 0.04v2 +5v+140−u+ Iext (5)

du
dt

= a(bv−u) (6)

with the auxiliary after-spike reset:

if v≥ 30 mV, then

{
v← c
u← u+d

(7)

where v(t) represents the membrane potential,
andu(t) represents membrane recovery [4]. Ini-
tially the values for the parametersa, b, c and
d were chosen to represent a typical “fast spik-
ing” cortical neuron:a=0.19,b=0.2, c=-80 mV
and d=8. These parameters resulted in match-
ing inter-spike frequency, resting membrane po-
tential and maximum spike voltage, however the
threshold voltages of the two models, and the
time each model required to reach the threshold
voltage, did not match. The models therefore
needed further calibration in order to better com-
pare the subthreshold dynamics, detailed in the
next section.

2. Calibration of Model Parameters

Due to the spike reset in Equation 6, analytical
solutions to the Izhikevich model may become
quite difficult. Numerical solutions are there-
fore preferred, and in this paper we use the Euler
method for numerical integration for both mod-
els, using the small step value∆t =0.0001 ms,
or 0.1 ns, to retain high accuracy. The Hodgkin-
Huxley model was more sensitive to the time step
value, presumably due to the larger number of
calculations in the algorithm.

This step value was used for all cases other
than rough, initial calibration. Comparison of the
curves in Figure 1 with those using a step value
of ∆t =0.001 ms, or 1 ns, an order of magnitude
higher, yielded a maximum difference less than
0.01 mV, or approximately 1% of the maximum
difference between the models under a step input
current as shown in Figure 2.

It was also found that both models require a
significant rest time before input is applied, in
order to balance the internal parameters to find
an appropriate resting membrane potential. A
100 ms period prior to applying the external cur-
rent was given for this purpose.

Threshold voltages for both models were
found using the numerical method from [5], in
which the external current is incrementally re-
duced from a high value until the current is no
longer sufficient to generate a spike: the maxi-
mum membrane potential for this input current
was then taken to be the threshold voltageϑ .

Further calibration was necessary in order for
the threshold voltageϑ of the two models to
match and to occur at the same time with the
same input. Rather than adjusting model para-
meters as in [5] section 3, a scalar valueaext was
applied to the externally applied current in Equa-
tion 5 as in [5] section 4. This scalar was then
incrementally adjusted toaext=1.6379, or approx-
imately 60%, until the threshold voltages of both
models matched, atϑ HH = ϑ IZ =−57.55 mV as
shown in Figure 1.

This scalaraext adjusted the sensitivity of the
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Figure 1. Calibration of Izhikevich (blue, darker) and Hodgkin-
Huxley (green, lighter) models for step input of 10 (upper two
curves) and alpha input (lower two curves), both applied from t = 0,
to the threshold voltage (red, upper horizontal line) of ϑ HH = ϑ IZ =
−57.55 mV. The time constant τ for the alpha input was chosen
such that the time to reach the threshold voltage coincides exactly
with that required for the step input, in order to better compare the
shape of the resulting curves. In both cases, the threshold voltage
was reached at t = 1.256ms.

Izhikevich model to external current such that the
threshold voltages of the two models matched,
however, even with the same external current
the threshold voltage was reached at different
times. A second scalarts was therefore applied
to slightly compress the time scale for the Izhike-
vich model, by approximately 30%.

As a result of these changes, the inter-spike
frequencies no longer matched. However, the
subthreshold behaviour matched much more
closely, and this is what we concentrate on in this
paper. This same method would therefore not be
appropriate for higher level comparisons of the
spiking frequencies, for example.

To confirm that the use of these two scalars
is appropriate in our case, model parametersa
andb were adjusted toa=0.3 andb=0.234 so that
the resulting model roughly matched the curve in
Figure 1. Although the results were close to the
curve found by adjusting theaext and ts scalars,
it was found that adjusting these two parameters
at once was computationally expensive, since the
two parametersa andb are interdependent result-
ing in a two-dimensional search space. Thus this

simplification is appropriate in our case for exam-
ining the subthreshold dynamics. These adjusted
model values were not used in further calcula-
tions however, because it was found that further
fine tuning of the parameter values would be nec-
essary in order to make the curves visually match
in plots such as Figure 1 and Figure 2.

3. Discussion and Conclusion

Three types of external input were applied
starting from timet = 0. The first type was a step
input with magnitudes of either 10 or 100 (in the
following plots, a value of 10 is used). The sec-
ond type was an alpha function input with mag-
nitude 10 of the following form:

Iext(t) = Imax t et/τα (8)

whereτα=1.6 ms was chosen such that the re-
sulting curves of the membrane potential reached
the threshold voltage at the same time as with
the step input, for better comparison of the shape
of each curve. The third input type was a simi-
lar alpha function, but with some introduced high
frequency noise with uniform distribution, intro-
duced in the form of a scalar adjustment with
a maximum modification to the input current of
+/- 50%. For this random noise to be consistent
across both models, the models were calculated
simultaneously across the time range for all time
step values.

The difference between the Hodgkin-Huxley
and Izhikevich models during the period from
when the current is first applied to when the
membrane potential reaches the threshold voltage
is plotted in Figure 2.

The maximum difference between the models
for the step input with magnitude 10, shown in
the upper curve of Figure 2(a), was found to be
approximately 0.95 mV. This is on a par with
the difference obtained under similar conditions
between the Hodgkin-Huxley and Integrate-And-
Fire model shown in [5], in which the difference
was found to be approximately 1.1 mV.

The maximum difference between the models
for the alpha input with magnitude 10, shown in
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(a) Step input (red, darker) and noise-free alpha input (cyan, lighter).

(b) Alpha input with 50% noise (uniform distribution) for 100 runs.
Error bars show range of values at each timet.

Figure 2. Difference in subthreshold membrane po-
tential from Izhikevich and Hodgkin-Huxley models for
several dynamic inputs applied from t = 0.

the lower curve of Figure 2(a), was found to be
approximately 0.15 mV. This is somewhat better
than the difference obtained under similar condi-
tions between the Hodgkin-Huxley and Integrate-
And-Fire model shown in [5], in which the differ-
ence was found to be approximately 0.8 mV for
a maximum input current of 15, however this dif-
ference may be partially due to a different choice
of the time constantτα .

Both models were found to exhibit a low sen-
sitivity to high frequency noise, as shown in Fig-
ure 2(b). Even with 50% noise, implemented

through a scalar multiplier applied toIext, the
maximum variation in comparison to the alpha
input alone, was approximately 0.035 mV.

Interestingly, this noisy alpha input also cre-
ated small variations in the time required for the
models to reach the threshold voltage, on the or-
der of approximately +/- 0.01 ms, or 10 ns, which
is approximately 1% of the total subthreshold
time (this is not shown in Figure 2(b) for clar-
ity). It seems likely that the inherent noise in a
stochastic system such as the many synaptic con-
nections in a mammalian cortex would exhibit a
smaller magnitude, however further investigation
could determine if similar noise is one of the fac-
tors responsible for the observed fluctuations in
spiking frequency in natural, biological cortical
neurons, and if this is found to be the case, then
further research would be needed to determine
the biological cause responsible for this high fre-
quency noise.

In conclusion, we have found that the Izhike-
vich model can accurately reproduce the sub-
threshold dynamics of a biological neuron if
model parameters are carefully chosen, with sig-
nificantly fewer calculations required for imple-
mentation.
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